Abstract. For a perfect field k, we study actions of the absolute Galois group of k on the k-valued points of moduli spaces of quiver representations over k; the fixed locus is the set of k-rational points and we obtain a decomposition of this fixed locus indexed by elements in the Brauer group of k. We provide a modular interpretation of this decomposition using quiver representations over division algebras, and we reinterpret this description using twisted quiver representations. We also see that moduli spaces of twisted quiver representations give different forms of the moduli space of quiver representations.
Introduction
For a quiver Q and a field k, we consider moduli spaces of semistable k-representations of Q of fixed dimension d ∈ N V , which were first constructed for an algebraically closed field k using geometric invariant theory (GIT) by King [7] . For an arbitrary field k, one can use Seshadri's extension of Mumford's GIT to construct these moduli spaces. More precisely, these moduli spaces are constructed as a GIT quotient of a reductive group G Q,d acting on an affine space Rep Q,d with respect to a character χ θ determined by a stability parameter θ ∈ Z V . The stability parameter also determines a slope-type notion of θ-(semi)stability for krepresentations of Q, which involves testing an inequality for all proper non-zero subrepresentations. When working over a non-algebraically closed field, the notion of θ-stability is no longer preserved by base field extension, so one must instead consider θ-geometrically stable representations (that is, representations which are θ-stable after any base field extension), which correspond to the GIT stable points in Rep Q,d with respect to χ θ .
For any field k, we introduce a notion of twisted k-representations of a quiver Q in Definition 4.7, analogous to the notion of twisted sheaves due to Căldăraru, de Jong and Lieblich [1, 2, 10] , and we describe the moduli of twisted quiver representations. In particular, we show that twisted representations of Q are representations of Q over division algebras, by using Căldăraru's description of twisted sheaves as modules over Azumaya algebras; therefore, the decomposition in Theorem 1.2 can also be expressed in terms of twisted quiver representations (cf. Theorem 4.12). Moreover, we construct moduli spaces of twisted θ-geometrically stable k-representations of Q and show, for Brauer classes in the image of the type map T , these moduli spaces give different forms of the moduli space M The structure of this paper is as follows. In §2, we explain how to construct moduli spaces of representations of a quiver over an arbitrary field k following King [7] , and we examine how (semi)stability behaves under base field extension. In §3, we study actions of Gal k for a perfect field k and give a decomposition of the rational points of M θ−gs Q,d indexed by the Brauer group. In §4, we interpret this decomposition using twisted quiver representations and show moduli spaces of twisted quiver representations give different forms of the moduli space M θ−gs Q,d . Notation. For a scheme S over a field k and a field extension L/k, we denote by S L the base change of S to L. For a point s ∈ S, we let κ(s) denote the residue field of s. A quiver Q = (V, A, h, t) is an oriented graph, consisting of a finite vertex set V , a finite arrow set A, a tail map t : A −→ V and a head map h : A −→ V .
Acknowledgements. We thank the referees of a previous version of this paper, for suggesting that we relate our results to twisted quiver representations. V.H. would like to thank Simon Pepin Lehalleur for several very fruitful discussions, which helped turned this suggestion into what is now §4.
Quiver representations over a field
Let Q = (V, A, h, t) be a quiver and let k be a field. • W v is a finite-dimensional k-vector space for all v ∈ V ; • ϕ a : W t(a) −→ W h(a) is a k-linear map for all a ∈ A.
There are natural notions of morphisms of quiver representations and subrepresentations. The dimension vector of a k-representation W is the tuple d = (dim k W v ) v∈V ; we then say W is d-dimensional.
2.1. Slope semistability. Following King's construction of moduli spaces of quiver representations over an algebraically closed field [7] , we introduce a stability parameter θ := (θ v ) v∈V ∈ Z V and the associated slope function µ θ , defined for all non-zero k-representations W of Q, by The category of θ-semistable k-representations of Q with fixed slope µ ∈ Q is an Abelian, Noetherian and Artinian category, so it admits Jordan-Hölder filtrations. The simple (resp. semisimple) objects in this category are precisely the stable (resp. polystable) representations of slope µ (proofs of these facts are readily obtained by adapting the arguments of [20] to the quiver setting). The graded object associated to any Jordan-Hölder filtration of a semistable representation is by definition polystable and its isomorphism class as a graded object is independent of the choice of the filtration. Two θ-semistable k-representations of Q are called S-equivalent if their associated graded objects are isomorphic.
Definition 2.3 (Scss subrepresentation)
. Let W be a k-representation of k; then a k-subrepresentation U ⊂ W is said to be strongly contradicting semistability (scss) with respect to θ if its slope is maximal among the slopes of all subrepresentations of W and, for any W ′ ⊂ W with this property, we have
For a proof of the existence and uniqueness of the scss subrepresentation, we refer to [15, Lemma 4.4] . The scss subrepresentation satisfies Hom(U ; W/U ) = 0. Using the existence and uniqueness of the scss, one can inductively construct a unique Harder-Narasimhan filtration with respect to θ; for example, see [15, Lemma 4.7] . We now turn to the study of how the notions of semistability and stability behave under a field extension L/k.
, where L ⊗ k W v is equipped with its canonical structure of L-vector space and Id L ⊗ ϕ a is the extension of the k-linear map ϕ a by L-linearity. Note that the dimension vector of L ⊗ k W as an L-representation is the same as the dimension vector of W as a k-representation. We prove that semistability of quiver representations is invariant under base field extension, by following the proof of the analogous statement for sheaves given in [8, Proposition 3] and [6, Theorem 1.3.7] . Proposition 2.4. Let L/k be a field extension and let W be a k-representation. For a stability parameter θ ∈ Z V , the following statements hold. (1) If L ⊗ k W is θ-semistable (resp. θ-stable) as an L-representation, then W is θ-semistable (resp. θ-stable) as a k-representation. (2) If W is θ-semistable as a k-representation, then L ⊗ k W is θ-semistable as an L-representation. Moreover, if (W i ) 1≤i≤l is the Harder-Narasimhan filtration of W , then (L ⊗ k W i ) 1≤i≤l is the Harder-Narasimhan filtration of L ⊗ k W .
. Therefore, W is necessarily θ-semistable as a k-representation. The proof shows that (1) also holds for stability.
First we can reduce (2) to finitely generated extensions
. By filtering L/k by various subfields, it suffices to verify the following cases:
(i) L/k is a Galois extension; (ii) L/k is a separable algebraic extension; (iii) L/k is a purely inseparable finite extension; (iv) L/k is a purely transcendental extension, of transcendence degree 1. For (i), we prove the statement by contrapositive, using the existence and uniqueness of the scss 
; thus W is not semistable. In case (ii), we choose a Galois extension N of k containing L; then we can conclude the claim using (i) and Part (1) .
is invariant under the algebra of k-derivations of L, which is the case for the scss L-subrepresentation U ⊂ L ⊗ k W . Indeed, let us consider a derivation δ ∈ Der k (L) and, for all v ∈ V , the induced transformation
which must be zero as U is the scss subrepresentation of L ⊗ k W . As U is invariant under ψ δ , it descends to a k-subrepresentation of W ; then we argue as in (i).
For (iv), we distinguish two cases. If k is infinite, the fixed subfield of k(X) for the action of Aut(k(X)/k) ≃ PGL(2; k) is k (cf. [17, p. 254] ), so we can argue as in (i). If k is finite, the fixed subfield of k(X) for the action of Aut(k(X)/k) is strictly larger than k, as PGL(2; k) is finite. Let then k be an algebraic closure of k. If W is semistable, so is k ⊗ k W in view of the above, since k/k is algebraic. As k is infinite,
Remark 2.5. Part (2) of Proposition 2.4 is not true if we replace semistability by stability, as is evident if we set k = R and L = C: for a θ-stable R-representation W , its complexification C⊗W is a θ-semistable C-representation by Proposition 2.4 and either, for all C-subrepresentations U ⊂ C ⊗ W , one has µ
In the second case, let τ (U ) be the C-subrepresentation of C ⊗ W obtained by applying the nontrivial element of Aut(C/R) to U . Note that τ (U ) = U , as otherwise it would contradict the θ-stability of W as an R-representation (as in the proof of Part (2) of Proposition 2.4). It is then not difficult, adapting the arguments of [14, 18] , to show that U is a θ-stable C-representation and that C⊗ W ≃ U ⊕ τ (U ); thus C⊗ W is only θ-polystable as a C-representation.
This observation motivates the following definition.
Definition 2.6 (Geometric stability
Evidently, the notion of geometric stability is invariant under field extension. It turns out that, if k = k, then being geometrically stable is the same as being stable: this can be proved directly, as in [6, Corollary 1.5.11], or as a consequence of Proposition 2.11 below. In particular, this implies that a k-representation W is θ-geometrically stable if and only if k ⊗ k W is θ-stable (the proof is the same as in Part (2) -Case (iv) of Proposition 2.4).
Families of quiver representations.
A family of k-representations of Q parametrised by a k-scheme B is a representation of Q in the category of vector bundles over
Definition 2.7 (Semistability in families). A family E −→ B of k-representations of Q is called:
For a family E −→ B of k-representations of Q, the subset of points b ∈ B for which E b is θ-semistable (resp. 
) is the set of isomorphism classes of θ-semistable (resp. θ-geometrically stable) d-dimensional families over B of k-representations of Q.
We follow the convention that a coarse moduli space for a moduli functor F : (Sch k )
op −→ Sets is a scheme M that corepresents F (that is, there is a natural transformation F −→ Hom(−, M) that is universal).
2.3.
The GIT construction of the moduli space. We fix a ground field k and
; then every d-dimensional k-representation of Q is isomorphic to a point of the following affine space over k
Lemma 2.8. The tautological family F −→ Rep Q,d has the local universal property; that is, for every family
there is an open covering B = ∪ i∈I B i and morphisms f i :
Take an open cover of B on which all the (finitely many) vector bundles E v are trivialisable, then the morphisms f i are determined by the morphisms ϕ a .
We will construct a quotient of the G Q,d -action on Rep Q,d via geometric invariant theory (GIT) using a linearisation of the action by a stability parameter
Any such character χ : 
(1) χ θ -semistable if there exists an integer n > 0 and a
or, if we wish to emphasise the group, Rep
and Rep 
which restricts to a geometric quotient π| Rep
: Rep (
,Ω is the stabiliser group scheme of M .
Proof. If k is algebraically closed and Ω = k, this is [7, Proposition 2.5]; then the above result follows as GIT (semi)stability commutes with base change.
Before we relate slope (semi)stability and GIT (semi)stability for quiver representations, let Rep
) be the open subset of points in Rep Q,d over which the tautological family F is θ-semistable (resp. θ-geometrically stable).
Proposition 2.11. For θ ∈ Z V , we have the following equalities of k-schemes:
Proof. Since all of these k-subschemes of Rep Q,d are open, it suffices to verify these equalities on k-points, for which one uses [7, Proposition 3 .1] (we note that we use the opposite inequality to King in our definition of slope (semi)stability, but this is rectified by the minus sign appearing in (2.3) for the definition of χ θ ). Proposition 2.11 readily implies the result claimed at the end of §2.1, which we state here for future reference. Corollary 2.12. A k-representation W is θ-geometrically stable if and only if k ⊗ k W is θ-stable. In particular, if k = k, then θ-geometric stability is equivalent to θ-stability.
Finally, we show the existence of coarse moduli spaces of θ-semistable (resp. θ-geometrically stable) k-representations of Q for an arbitrary field k. For an algebraically closed field k, this result is proved in [7, Proposition 5.2] . and the natural map F θ−ss
which is a coarse moduli space for the functor F 
is and this property is inherited by the categorical quotient.
Since the tautological family 
, which, by [7, Proposition 3.1] , is in bijection with the set of θ-stable d-dimensional k-representations of Q.
We end this section with a result that is used repeatedly in Sections 3.
is the tautological family, and F M is θ-geometrically stable. The endomorphism group of a stable k-representation of Q is a finite dimensional division algebra over k (cf. [6, Proposition 1.2.8]). Let κ(M ) be an algebraic closure of κ(M ); then, as
Rational points of the moduli space
Throughout this section, we assume that k is a perfect field and we fix an algebraic closure k of k. For any k-scheme X, there is a left action of the Galois group Gal k := Gal(k/k) on the set of k-points X(k) as follows: for τ ∈ Gal k and x : Spec k −→ X, we let τ · x := x • τ * , where τ * : Spec k −→ Spec k is the morphism of k-scheme induced by the k-algebra homomorphism τ : k −→ k. Since k is perfect, the fixed-point set the Gal k -action on X(k) is the set of k-points of X:
and Gal k acts on X k by k-scheme automorphisms and, as k is perfect, we can recover X as X k / Gal k .
3.1. Rational points arising from rational representations. The moduli space M θ−ss Q,d constructed in Section 2 is a k-variety, so the Galois group Gal k := Gal(k/k) acts on M θ−ss Q,d (k) as described above and the fixed points of this action are the k-rational points. Alternatively, we can describe this action using the presentation of M θ−ss
is given by applying a k-automorphism τ ∈ Gal k = Aut(k/k) to the entries of the matrices (M a ) a∈A and (g v ) v∈V . Both actions are by homeomorphisms in the Zariski topology and the second action is by group automorphisms and preserves the subgroup ∆(k) defined in (2.4). We denote these actions as follows
They satisfy the following compatibility relation with the action of
To show that the action Φ preserves the semistable set Rep
(k) with respect to the character χ θ defined at (2.3), we will show that the action of Gal k preserves the χ θ -semi-invariant functions. By definition, f :
. Since χ θ is Gal k -equivariant, we claim that, for any τ ∈ Gal k and any χ θ -semi-invariant function f , the function
is χ θ -semi-invariant. Indeed, by the compatibility relation (3.3), we have, for all
is GIT-semistable, as τ · f is a χ θ -semi-invariant function. The second statement follows from the compatibility relation (3.3) and the continuity of τ in the Zariski topology of Rep
The compatibility relation (3.3) also implies that, for
, the same holds for τ (M ), which implies the following.
Proof. This follows from the above remarks and the definition of GIT stability, as the stabiliser of a GIT stable k-point is equal to ∆(k) by Corollary 2.14.
Propositions 3.1 and 3.2, combined with the compatibility relation (3.3), readily imply that Gal k acts on the set of k-points of the k-varieties M θ−ss
Since k is assumed to be a perfect field, this Gal k -action on the k-varieties M To conclude this section, we give yet another description of the Galois action on
is the k-vector space whose underlying Abelian group coincides with that of W v and whose external multiplication is given by λ · τ w := τ −1 (λ)w for λ ∈ k and w ∈ W v .
• The map φ τ a coincides with φ a , which is k-linear for the new k-vector space structures, as φ
the induced homomorphism (which set-theoretically coincides with ρ). With these conventions, we have a right action, as
, where M a is the matrix of φ a , so we recover the Gal k -action (3.1). We note that the construction W −→ W τ is compatible with semistability and S-equivalence, thus showing in an intrinsic manner that Gal k acts on the set of S-equivalence classes of semistable
By definition of the coarse moduli spaces M θ−ss
, we have natural maps
and F
are the moduli functors defined at (2.1). As k is perfect,
The goal of the present section is to use this basic fact in order to understand the natural maps (3.5). As a matter of fact, our techniques will only apply to F θ−gs
Note first that, by definition of the functor F θ−gs
We will start by showing that f Gal k is injective. The proof is based on the following cohomological characterisation of the fibres of f Gal k . Proposition 3.3. The non-empty fibres of f Gal k are in bijection with the pointed set ker
Before we prove this proposition, let us state and prove a corollary. 
Proof. Identify this map with
, where the projective limit is taken over finite Galois sub-extensions L/k). Then Proposition 3.3 implies that f Gal k is injective.
The proof of Proposition 3.3 consists of setting up a map between a non-empty fibre of f Gal k and the kernel of the pointed map
) and proving that it is a bijection. To define such a map, let us consider
is a normalised ∆(k)-valued 1-cocycle whose cohomology class only depends on the
, which yields the same cohomology class as β.
And if we replace
, which actually yields the same cocycle β as before. Finally, since by definition
This map is surjective, as if we have a 1-cocycle
, so the cocycle β defined using M 1 and M 2 := g −1 ·M 1 as above is equal to γ. To prove that the above map is injective, suppose that the ∆(k)-valued 1-cocycle β associated to
, and, on the other hand,
We now turn to the study of the image of the natural map
To that end, we introduce a map T called the type map, from M θ−gs
Gal k to the Brauer group of k, denoted by Br(k):
This map is defined as follows. Consider an orbit
of which a representative M has been chosen. As this orbit is preserved by the Gal k -action, we have that, for all τ ∈ Gal k , there is an element
, it follows from the compatibility relation (3.3) that,
(which depends on the choice of the representative M and the family u :
Proposition 3.6. The above map
is a normalised ∆(k)-valued 2-cocycle whose cohomology class only depends on the
that we shall call the type map.
Proof. It is straightforward to check the cocycle relation
τ ∈ ∆(k) and it is straightforward to check, using that
τ1τ2 . Therefore, the associated cocycles c u and c u ′ are cohomologous. If we now replace
where the last equality follows again from the fact that
In particular, the two representatives M and M ′ give rise, for an appropriate choice of the families u and u ′ , to the same cocycle, and thus they induce the same cohomology class
If k is a finite field F q , then Br(F q ) = 0. Other useful examples of target spaces for the type map are Br(R) ≃ Z/2Z and Br(Q p ) ≃ Q/Z for all prime p. Moreover, the group Br(Q) fits in a canonical short exact sequence
Remark 3.7. We note that the type map T :
associated to the short exact sequence of groups
As [c u ] is independent of the choice of elements u τ and representative M of the orbit, and δ is injective, it follows that
is also independent of these choices. Hence, the type map factors as
This observation will be useful in Section 3.2. Note that, unlike that of T , the target space of T ′ depends on the quiver Q. We now use the type map to analyse which k-points of the moduli scheme M θ−gs Q,d
actually correspond to k-representations of Q.
Theorem 3.9. The natural map F θ−gs
from the set of isomorphism classes of θ-geometrically stable d-dimensional krepresentations of Q onto the fibre of the type map T :
. By definition of the type map, this means that there exists a family
so, by a well-known generalisation of Hilbert's 90 (for instance, see [19 
Moreover, the given 2-cocycle c is cohomologous to the 2-cocycle c u :
τ1τ2 . In order to analyse such families (u τ ) τ ∈Gal k in detail, we introduce the following terminology, reflecting the fact that these families will later be used to modify the
Definition 3.11 (Modifying family). A modifying family (u τ ) τ ∈Gal k is a tuple, indexed by Gal k , of elements u τ ∈ G Q,d (k) satisfying:
In particular, if u = (u τ ) τ ∈Gal k is a modifying family, then the induced map
and
which are compatible in the sense of (3.3) and such that the induced
coincide with the previous ones, constructed in (3.4).
Proof. The proof is a simple verification, using the fact that ∆(k) acts trivially on Rep Q,d (k) and is central in G Q,d (k), then proceeding as in Propositions 3.1 and 3.2 to show that the modified Gal k -action is compatible with semistability and stability of k-representations.
Let us denote by
Gal k and that the map
, since one has u τ · τ (M ) = M for such a representation. We then have the following generalisation of Theorem 3.9.
Theorem 3.13. Let (u τ ) τ ∈Gal k be a modifying family in the sense of Definition 3.11 and let c u :
, the action induced by Ψ u on ∆(k) coincides with the one induced by Ψ, so the injectivity of f Gal k ,u can be proved as in Corollary 3.4. The proof of surjectivity is then exactly the same as in Theorem 3.9. The only thing to check is that H In order to give a more intrinsic modular description of each fibre of the type map
Proposition 3.14. Assume that a central division algebra D ∈ Br(k) lies in the image of the type map
Then the index of D divides the dimension vector; that is,
Proof. We recall from Remark 3.7 that T has the following factorisation
where for a
For each vertex v ∈ V , the projection G Q,d −→ GL dv maps ∆ to the central diagonal torus ∆ v ⊂ GL dv , and so there is an induced map G Q,d −→ PGL dv . In particular, this gives, for all v ∈ V , a commutative diagram
Since, by the Noether-Skolem Theorem,
, which in turn corresponds to a central simple algebra A v over k, of index d v . Moreover, if [ū] maps to the division algebra D in Br(k), then we have, by the commutativity of Diagram (3.7), that D is Brauer equivalent to A v for all vertices v (that is, Let D ∈ Br(k) be a division algebra. Recall that the connecting homomorphisms
associated for all e ≥ 1 to the short exact sequences 
In particular, we can view k ⊗ k W as a d-dimensional k-representation of Q. This point of view will be useful in the proof of Proposition 3.18. More generally, if L/k is an arbitrary field extension, the central simple L-algebra L ⊗ k D is isomorphic to a matrix algebra Mat e (D L ), where D L is a central division algebra over L uniquely determined up to isomorphism. By the Morita equivalence
which is the point of view we shall adopt in Definition 3.20.
For a division algebra D ∈ Br(k), consider the functor 
(cf. Proposition 3.12). This descent datum is effective, as Rep Q,d,k is affine so we obtain a smooth affine k-variety
For a commutative k-algebra R, we let R := k ⊗ k R and we note that there is a natural Gal k -action on Rep Q,d ′ ,D (R). Moreover, the natural map 
As the division algebra D is in particular a central simple algebra over k, the kalgebra k ⊗ k D is also central and simple (over k). Since k is algebraically closed, this implies that k ⊗ k D ≃ Mat e (k), where e = ind(D). Likewise [19, Chapter 10 , §5]), where M ∈ Mat e (R) and the element a D,τ ∈ GL e (k) belongs to a family that maps to D ∈ Br(k) under the isomorphism (3.9) and is the same as the one used to define the modifying family u D in (3.11) . Under the Morita equivalence of categories Mod(Mat e (R)) ≃ Mod(R) recalled in Remark 3.17, the Mat e (R)-module Mat e (R)
Through these isomorphisms, the canonical Galois action
v does not inherit a Galois action but instead a so-called D-structure (see Example 3.25 for the concrete, non-trivial example where k = R and D = H) given, for all τ ∈ Gal k , by
where, for all i ∈ {1, . . . , d
′ v }, we have x i ∈ R e and a D,τ ∈ GL e (k), while τ ∈ Gal k acts component by component. This in turn induces a genuine Galois action on valued modifying family defined in (3.11) . In particular, this Gal kaction on Rep Q,d (R) coincides with the Gal k -action Φ uD of Proposition 3.12, which concludes the proof.
We also note that if D lies in the image of T , then there is a G Q,d (k)-valued 1-cocycleū mapping to D under the connecting homomorphism by Remark 3.7. In this case, a lift u = (u τ ∈ G Q,d (k)) τ ∈Gal k ofū is a modifying family, which we can use in place of the family u D given by (3.11), as
Remark 3.19. For an arbitrary field k and a division algebra D ∈ Br(k), one can also construct a k-variety 
given by the family u D defined in (3.11). Then the above proof can be adapted, once we note that we can still apply Remark 3.17, as Br(k s ) = 0.
We now turn to notions of semistability for D-representations of Q. The slopetype notions of θ-(semi)stability for k-representations naturally generalise to Drepresentations (or, in fact, representations of Q in a category of modules), so we do not repeat them here. As the definition of geometric stability is not quite so obvious, we write it out explicitly. 
We recall that a k-representation W is θ-geometrically stable if and only if the krepresentation k⊗ k W is θ-stable. An analogous statement holds for representations over a division algebra D ∈ Br(k), as we now prove. (
Proof. By definition of geometric stability, it suffices to show that if k ⊗ k W is stable as a k-representation, then W is geometrically stable. So let L/k be a field extension. As in Proposition 2.4, it suffices to treat separately the case where L/k is algebraic and the case it is purely transcendental of transcendence degree one. If L/k is algebraic, we can assume that L ⊂ k and we have that
by the same argument as earlier it suffices to show that k(X) ⊗ k W is stable as a D k(X) -representation. We have that
by assumption and k is algebraically closed, k ⊗ k W is geometrically stable by Corollary 2.12, so k(X) ⊗ k (k ⊗ k W ) is stable and the proof is complete.
We can now give a modular interpretation of our decomposition in Theorem 1.1. 
, where the latter is the set of isomorphism classes of θ-geometrically stable D-
Proof. The first bijection follows from Theorem 3.13 and the second one follows from Proposition 3.18 and Lemma 3.21. In particular, over a separably closed field, geometric stability and stability coincide.
Proof. As W is θ-stable, it follows that every endomorphism of W is either zero or an isomorphism; thus End(W ) is a division algebra over k. As k is separably closed, Br(k) = 0 and so End(W ) = k and Aut(W ) = G m . However, for a simple representation, stability and geometric stability coincide (for example, one can prove this by adapting the argument for sheaves in [6, Lemma 1.5.10] to quiver representations). 
We then have a quaternionic structure on each
t(a) . The fixed points of this involution are those (M a ) a∈A satisfying u h(a) M a u −1 t(a) = M a , i.e. those C-linear maps M a : W t(a) −→ W h(a) that commute with the quaternionic structures defined above, and thus are H-linear. The subgroup of G Q,d (C) = v∈V GL dv (C) consisting, for each v ∈ V , of automorphisms of the quaternionic structure of C dv is the real Lie group
, where U * (2n) = GL n (H). Hence, the fibre T −1 (−1) of the type map is in bijection with the set of isomorphism classes of θ-geometrically stable quaternionic representations of Q of dimension d ′ .
Gerbes and twisted quiver representations

4.
1. An interpretation of the type map via gerbes. In this section, we give an alternative description of the type map using G m -gerbes which works over any field k. The following result collects the relevant results that we will need on gerbes and torsors; for further details and the definition of a gerbe, see [13, Chapter 12] . Proposition 4.1. Let X be an Artin stack over k and let G, G ′ and G ′′ be affine algebraic group schemes over k; then the following statements hold.
(1) [13, Corollary 12.1.5] There is a natural bijection 
Moreover, the isomorphism class of a G ′′ -torsor P −→ X, such that P is representable by a k-scheme, has image under δ given by the class of the
of affine algebraic groups schemes over k with G ′ abelian and a principal G ′′ -bundle P over an Artin stack X over k, the gerbe G G (P) of liftings of P to G is the G ′ -gerbe over X whose groupoid over S −→ X, for a k-scheme S, has objects given by pairs (Q, f : Q −→ P S ) consisting of a principal G-bundle Q over S and an S-morphism f : Q −→ P S := P × X S which is equivariant with respect to the homomorphism
Let us now turn our attention to quiver representations and consider the stack of d-dimensional representations of Q over an arbitrary field k, which is the quotient stack
] is a G m -gerbe. If we restrict this gerbe to the θ-geometrically stable locus, then the base is a scheme rather than a stack, namely the moduli space of θ-geometrically stable representations of Q
]. The Brauer group Br(k) can also be viewed as the set of isomorphism classes of G mgerbes over Spec k, by using Proposition 4.1 and the isomorphism
given by Grothendieck's Galois theory. By pulling back the G mgerbe π along a point r : Spec k −→ X, we obtain a G m -gerbe
whose restriction to the θ-geometrically stable locus, we denote by
In Corollary 4.6, we will show that G θ−gs coincides with the type map
constructed above. In order to compare the above morphism G θ−gs with the type map T , we recall from Remark 3.7 that the type map factors as T = δ • T ′ ; that is,
for the connecting homomorphism δ associated to the short exact sequence
We will also refer to T ′ as the type map. Let us describe a similar factorisation of G. The morphism p :
where P r is the
We denote the restriction of P to the θ-geometrically stable subset by
). By a slight abuse of notation, we will use δ to denote both the connecting maps
Proof. Let us write P := Rep Q,d −→ X and G := G G Q,d (P); then we will construct isomorphisms α :
] is a quotient stack, and so, for a k-scheme S, its S-valued points are pairs (Q, h : Q −→ P) consisting of a principal G Q,d -bundle Q over S and a G Q,d -equivariant morphism h.
Let S −→ X be a morphism from a scheme S; then we define the functor α S : G(S) −→ M Q,d (S) as follows. For an object (Q, f : Q −→ P S ) ∈ G(S), we can construct a morphism h : Q −→ P as the composition of f with the projection P S −→ P. As f is equivariant with respect to G Q,d −→ G Q,d and ∆ acts trivially on P, it follows that h is
Since the isomorphisms on both sides are given by isomorphisms of G Q,d -bundles over S satisfying the appropriate commutativity properties, it is clear how to define α S on isomorphisms. Conversely, to define β S , we take an object (Q, h : Q −→ P) ∈ M Q,d (S) given by a G Q,d -bundle Q over S and a G Q,d -equivariant map h. By the universal property of the fibre product P S = P × X S, a morphism h : Q −→ P is equivalent to a S-morphism f : Q −→ P S , where here we use the fact that P, S and P S are all k-schemes, so that this S-morphism is unique. Since ∆ acts trivially P = Rep Q,d , the G Q,d -equivariance of h is equivalent to h being equivariant with respect to the homomorphism G Q,d −→ G Q,d , so it follows that f is also equivariant for this homomorphism. Hence β S (Q, h) := (Q, f ) ∈ G(S). From their constructions, it is clear that α and β are inverses.
The final statement follows from Proposition 4.1.
Corollary 4.4. The following triangle commutes
Proof. Since G (resp. P) is defined by pointwise pulling back the G m -gerbe π :
Consequently, it will suffice to compare the maps P θ−gs and T
′ . Let us explicitly describe the Čech cocycle representing
For k perfect, let us recall the relationship between étale cohomology and Galois cohomology given by Grothendieck's generalised Galois theory (cf. [22, Tag 03QQ] ). For all finite Galois extensions L/k, the isomorphisms
and any affine group scheme G over k, and for i = 2 and G/k a commutative group scheme.
Proposition 4.5. Let k be a perfect field; then the type map
−→ Spec k trivialises over some finite separable extension L/k as above, and we can assume that L/k is a finite Galois extension, by embedding L/k in a Galois extension if necessary. Then there is a section σ ∈ P r (L) ⊂ Rep Q,d (L) corresponding to a L-representation W of Q, and the transition maps are encoded by a cocycle
for the morphism h τL : Spec L −→ Spec L × k Spec L described above. Furthermore, by pulling back the equality p *
we obtain a new 1-cocycle
Gal k and this Galois fixed orbit corresponds to the k-rational point r ∈ M θ−gs
.
, the type map for a perfect field k
coincides with the map In this section, we define a notion of twisted quiver representations over an arbitrary field k (where the twisting is given by an element in the Brauer group Br(k)) analogous to the notion of twisted sheaves due to Căldăraru, de Jong and Lieblich [1, 2, 10] .
Let α : Z −→ Spec k be a G m -gerbe. For an étale cover S = Spec L −→ Spec k given by a finite separable extension L/k, we let to denote the natural projection maps. We will often use such an étale cover to represent α by a Čech cocycle α ∈ Γ(
× whose pullbacks to S 4 satisfy the natural compatibility conditions. Let us first give a definition of twisted quiver representations, which is based on Căldăraru's definition of twisted sheaves. The definition based on Lieblich's notion of twisted sheaves is discussed in Remark 4.9.
Definition 4.7. Let α : Z −→ Spec k be a G m -gerbe and take an étale cover S = Spec L −→ Spec k, such that α is represented by a Čech cocycle α ∈ Γ(S 3 , G m ). Then an α-twisted k-representation of Q (with respect to this presentation of α as a Čech cocycle) is a tuple (W, ϕ) consisting of an L-representation W of Q and an
We define the dimension vector of this twisted representation by
where by the index of α, we mean the index of a division algebra D representing the same class in Br(k).
A morphism between two α-twisted k-representations (W, ϕ) and
Example 4.8. If Q is a quiver with one vertex and no arrows, then an α-twisted representation of Q over k is an α-twisted sheaf over Spec k in the sense of Căldăraru, which we refer to as an α-twisted k-vector space.
We define Rep k (Q, α) to be the category of α-twisted k-representations of Q; one can check that this category does not depend on the choice of étale cover on which α trivialises, or on the choice of a representative of the cohomology class of α in H 
[1, Corollary 1.2.10] for the analogous statement for twisted sheaves). One can also define families of α-twisted representations over a k-scheme T , where α is the pullback of a G m -gerbe on Spec k to T or, more generally, α is any G m -gerbe on T .
Remark 4.9. Alternatively, for a G m -gerbe α : Z −→ Spec k one can define α-twisted k-representations of Q in an analogous manner to Lieblich [10] as a tuple (F v , ϕ a : F t(a) −→ F h(a) ) consisting of α-twisted locally free coherent sheaves F v and homomorphisms ϕ a of twisted sheaves, where an α-twisted sheaf F is a sheaf of O Z -modules over Z whose scalar multiplication homomorphism from this module structure coincides with the action map G m × F −→ F coming from the fact that Z is a G m -gerbe.
Căldăraru proves that twisted sheaves can be interpreted as modules over Azumaya algebras. More precisely, for a scheme X and Brauer class α ∈ Br(X) that is the class of an Azumaya algebra A over X, the category of α-twisted sheaves Mod(X, α) over X is equivalent to the category Mod(A) of (right) A-modules by [1, Theorem 1.3.7] . This equivalence is realised by showing that A is isomorphic to the endomorphism algebra of an α-twisted sheaf E (cf. [1, Theorem 1.3.5]) and then − ⊗ E ∨ : Mod(X, α) −→ Mod(A) gives the desired equivalence.
Let us describe this equivalence over X = Spec k. Let D be a central division algebra over k (or more generally a central simple algebra over k). Then D splits over some finite Galois extension L/k; that is, there is an isomorphism
where n = ind (D). The isomorphism j and the
, where δ n is the connecting homomorphism for the short exact sequence 1 −→ G m −→ GL n −→ PGL n −→ 1 (for example, see [3, Theorem 2.4.3] ). More precisely, D is the fixed locus for the twisted
; then α can be represented by a Čech cocycle on the étale cover given by L/k. By [1, Theorem 1.3.5] , there is an α-twisted k-vector space E := (E, ϕ) such that D is isomorphic to the endomorphism algebra of this twisted vector space. Explicitly, we have E := L n and ϕ : p *
, where the first and last maps are pullbacks of the composition of the isomorphism
the existence of such an isomorphism ϕ is given by the Noether-Skolem Theorem and one can check that E := (E, ϕ) is an α-twisted sheaf, whose endomorphism algebra is
Then Căldăraru's equivalence is explicitly given by
With our conventions on dimensions of twisted vector spaces, dim E = 1 and the image of this twisted vector space under this equivalence is the trivial module D.
For a division algebra D, we let Rep D (Q) denote the category of representations of a quiver Q in the category of D-modules. Proposition 4.10. Let D be a central division algebra over a field k and α be a G m -gerbe over k representing the same class in Br(k) as D. Then there is an equivalence of categories
Proof. Unravelling Definition 4.7, we see that the category Rep k (Q, α) is equivalent to the category of representations of Q in the category Mod(k, α) of α-twisted kvector spaces, which we denote by Q − Mod(k, α). By [1, Theorem 1.3.7] , there is an equivalence
as described in (4.5) above. Hence, we deduce equivalences
There is a natural notion of θ-(semi)stability for twisted representations of Q, which involves checking the usual slope condition for twisted subrepresentations, where the dimension of a twisted quiver representation is given in Definition 4.7. By using the functoriality of twisted quiver representations for field extensions, we can also define θ-geometric stability. Moreover, θ-(semi)stability (resp. θ-geometric stability) of a twisted representation W is equivalent to θ-(semi)stability (resp. θ-geometric stability) of the corresponding D-representation F (W) of Q.
Proof. The first claim follows by construction of the equivalence of F using the α-twisted k-vector space E = (L n , ϕ) as in (4.5): as we already observed, D is the image of E under (4.5) and dim(E) = 1 = dim D (D). Then the claim about θ-(semi)stability follows from this first claim. For the preservation of geometric stability, we note that for any field extension K/k we have a commutative diagram
and also F L preserves θ-(semi)stability, by a similar argument.
We can now reinterpret the rational points of the moduli space M Proposition 4.13. Let k be a field, D be a central division algebra over k and α : Z −→ Spec k be a G m -gerbe, whose cohomology class is equal to D. Then we have isomorphisms
where the k-varieties As described in §4.1, the type map
. If a division algebra D lies in the image of G, then it also lies in the image of P : 
Proof. By Proposition 4.13, we have 
,k and base change by field extensions preserves the GIT (semi)stable sets, we have
where the last equality uses the Hilbert-Mumford criterion and we recall that over the algebraically closed field k the notions of θ-geometrically stability and θ-stability coincide. By Lemma 3.21 and Lemma 3.24 and the fact that the GIT (semi)stable sets commute with base change by field extensions, we deduce that
and Rep
Then we have a GIT quotient
We can now prove Theorem 1.3. In Theorem 1.3, we emphasise that the term coarse moduli space is used in the sense of stacks. In particular, we note that the k-rational points of M There are some natural parallels between the results in this section and the work of Le Bruyn [9] , who describes the A-valued points of the moduli stack X = [Rep Q,d /G Q,d ] over k = Spec C, for a commutative C-algebra A, in terms of algebra morphisms from the quiver algebra CQ to an Azumaya algebra A over A. He also relates these A-valued points to twisted quiver representations. In this case, for A = C, there are no twisted representations as Br(C) = 1, whereas for nonalgebraically closed field k, we see twisted representations as k-rational points of X. By combining the ideas of [9] with the techniques for non-algebraically closed fields k used in the present paper, it should be possible to also describe the A-valued points of the moduli stack X = [Rep Q,d /G Q,d ] over an arbitrary field k for any commutative k-algebra A. Proof. We will show that α ∈ H We can refine our étale cover, so that Pic(U ij ) = 0. Then, as the local universal families W i and W j are equivalent over U ij , there is an isomorphism
On the triple intersections U ijk , we let γ ijk := ϕ −1 ik • ϕ jk • ϕ ij ∈ Aut(W i | U ijk ). As W i are families of θ-geometrically stable representations, which in particular are simple, it follows that γ ijk ∈ Γ(U ijk , G m ). Hence W := (W i , ϕ ij ) is a γ-twisted family of θ-geometrically stable k-representations of Q over M ). We can describe the cocycle representing β by using our given étale cover {f i : U i −→ M θ−gs Q,d } on which P is trivialisable. More precisely, β is represented by the cocycle given by transition functions β ij ∈ Γ(U ij , G Q,d ) for P such that s i = β ij s j , where s i : U i −→ P i are the sections giving the isomorphism ψ i . If we take liftsβ ij ∈ Γ(U ij , G Q,d ) of β ij , then these determine α ijk ∈ Γ(U ijk , G m ) by the relation α ijkβik =β jkβij over U ijk . By pulling back the isomorphisms ϕ ij along the G Q,d -invariant morphisms P ij −→ U ij , we obtain isomorphisms L i | Uij ∼ = L j | Uij as G Q,d -bundles over U ij , which is given by a section η ij ∈ Γ(U ij , G Q,d ). By construction γ = δ([η ij ]), wherē η ij ∈ Γ(U ij , G Q,d ) is the image of η ij . Since η ij are also lifts of the cocycle β ij , it follows that γ = α.
We can consider W as a universal α-twisted family over M is the class G(r) described in §4.1 and the index of the central division algebra corresponding to G(r) ∈ Br(k) divides the dimension vector d by Proposition 3.14.
If the dimension vector d is primitive, then the moduli space M θ−gs Q,d is fine by [7, Proposition 5.3] . The Brauer group of moduli spaces of quiver representations was studied by Reineke and Schroer [16] ; for several quiver moduli spaces, they describe the Brauer group and prove the non-existence of a universal family in the case of non-primitive dimension vectors cf. [16, Theorem 3.4] . Proposition 4.18 offers some compensation for this seemingly negative result: instead, one has a twisted universal family.
